Abstract. It is known that there are only finitely many imaginary abelian number fields with class numbers equal to their genus class numbers. Here, we determine all the imaginary cyclic fields of 2-power degrees with class numbers equal to their genus class numbers.
Introduction
Let K be an abelian number field of degree n K . The narrow genus field G K of K is the maximal abelian number field containing K and unramified above K at all the finite places. Note that if K is imaginary, then G K is an imaginary abelian number field and G K /K is unramified at all the places. According to class field theory G K is included in the narrow Hilbert class field H + K of K and the degree g K = [G K : K] divides the narrow class number h + K of K. In particular, if K is imaginary, then g K divides h K the class number of K. When the group X K of Dirichlet characters associated with an abelian number field K is given, we can easily compute the degree of G K and the genus class number g K of K: we have g K = 1 nK p e p where this product ranges over all the rational primes p which are ramified in K and where e p denotes the index of ramification of p in the extension K/Q (see Chapter 3 in [Wa] ). In [Lou2] we proved that there are only finitely many imaginary abelian number fields such that their class numbers h N are equal to their genus class numbers g N and proved that apart from the quadratic and bicyclic quadratic ones, one can find an effective upper bound on their conductors. The aim of this paper is to determine all the imaginary cyclic fields of 2-power degrees with class numbers equal to their genus class numbers. There are 28 such number imaginary cyclic fields: To prove this theorem we first use lower bounds on relative class numbers of imaginary cyclic fields of 2-power degrees 2 m ≥ 4 (see Theorem 5). Second, according to Lemma 2, relative class numbers of imaginary cyclic fields of 2-power degrees 2 m ≥ 4 with class numbers equal to their genus class numbers cannot be that large. Hence, we will thirdly get bounds on the conductors of the imaginary cyclic fields of 2-power degrees 2 m ≥ 4 with class numbers equal to their genus class numbers (see Corollary 6). Fourth, we will compute the relative class numbers of all the possible imaginary cyclic fields of 2-power degrees 2 m ≥ 4 of conductors less than or equal to these bounds. This will provide us with a short list of imaginary cyclic fields of 2-power degrees 2 m ≥ 4 of conductors less than or equal to these bounds and with relative class numbers satisfying the necessary condition of Lemma 2. Finally, we will determine all the fields of this small list which are such that their class numbers are equal to their genus class numbers. 
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Imaginary cyclic fields of 2-power degrees
Let N , f N , h N , N + , f N + and h N + denote a cyclic field of 2-power degree 2 m ≥ 4, its conductor, its class number, its only subfield of degree 2 m−1 and the conductor and class number of N + , respectively. Let χ N be a primitive Dirichlet character of order 2 m associated with N . Then N is real or imaginary according as χ N (−1) = +1 or χ N (−1) = −1. Now, assume N is imaginary. Then N + is real, h N + divides h N and we define the relative class number h − N of N to be h N /h N + . Moreover, let w N denote the number of roots of unity in N . Then w N = 2 except if p = 2m + 1 is prime and N = Q(ζ p ), in which case w N = 2p (see [Lou1, Lemma (b)] ). Since N/Q is cyclic, its Hasse unit index Q N is equal to 1 and
(1) (see [Wa, Theorem 4 .17] and [Lou1] ). Now we explain how we construct the imaginary cyclic fields of degree 2 m ≥ 4 and how we compute their associated characters. We use the factorization χ N = q|f χ q corresponding to the decomposition
1.1. Cyclic quartic fields. We notice that a quartic character of conductor a q-power has conductor 16 or an odd prime q ≡ 1 (mod 4). Conversely, whenever q ≡ 1 (mod 4) is prime, we let χ . Then, for each n coprime with q, we have
Note that χ 
Here, r and s denote the number of prime divisors of f 1 and f 2 , respectively, d 2 denotes a divisor of f 2 and when d is positive and odd, we let ( n d ) denote the Jacobi's symbol.
1.2. Cyclic fields of 2-power degrees. Now, let us describe the primitive characters of any given 2-power order 2 m ≥ 4. Whenever q is an odd prime we set
and let χ (m) q be the character of conductor q and order 2 mq well defined by χ
We note that any character of conductor q and order dividing 2 m has order dividing 2 mq and is a power of χ (mod q)}.
Finally, for k ≥ 3 we let χ one of the e q 's is equal to 2 m , and we assume that n q = 1 for the greatest odd prime q such that e q = 2 m . Note that (2) enables us to compute χ N (−1).
Lower bounds on relative class numbers of nonquadratic imaginary cyclic quartic fields
We give reasonable upper bounds on the degrees and conductors of the nonquadratic imaginary cyclic fields of 2-power degrees whose class numbers are equal to their genus numbers.
Theorem 5 (See [Lou3] ). Let N be an imaginary cyclic field of degree 2n = 2 m ≥ 4 and conductor f.
Corollary 6. Let N be an imaginary cyclic field of degree 2n = 2 m ≥ 4 and conductor f. Assume h N = g N . Then 2n = 4 implies f ≤ 210000, 2n = 8 implies f ≤ 14000, 2n ≥ 16 implies f ≤ 3800 and 2n ≥ 32 implies f ≤ 1800.
Proof. Let t be the number of prime divisors of f. Set f t = t i=1 p i where p 1 = 3, p 2 = 4 and (p i ) i≥3 is the increasing sequence of all the odd primes greater than or equal to 5. If h N = g N , then h − N = 2 t−1 (Lemma 2) and f ≥ f t . First, assume N is quartic. Using (3) with the choice f = 1 − (2πne 1/n / √ f ) = 1 − 4π e/f, we get 2 t−1 ≥ ft 2f t 3eπ 2 (log f t + 0.05) 2 which implies t ≤ 6, h − N ≤ 2 5 and using (3) once again yields
hence implies f ≤ 210000. In the same way, if N is octic, then we get t ≤ 5, h 
Conclusion and tables
First, we use Propositions 3 and 4 to find all the non-quadratic imaginary cyclic fields of 2-power degrees with conductors less than or equal to the bounds given in Corollary 6. Second, we use (1) to compute the relative class numbers of all these fields and we disregard those which do not satisfy the necessary condition for h N = g N given in Lemma 2. This provides us with a short list of 28 nonquadratic imaginary cyclic number fields of 2-power degrees containing all the nonquadratic imaginary cyclic number fields of 2-power degrees with class numbers equal to their genus class numbers. Third, we use Propositions 3 and 4 to compute the genus class numbers g N of these 28 fields N. To prove Theorem 1, it finally remains to compute the class numbers h N + of the maximal real subfields N + of the 28 fields N of this list and to check whether h N = g N holds, which holds for the 28 occurrences of this short list. The following three tables sum up the results of our numerical computations (we let C 2 k denote a cyclic group of order 2 k and H N denote the ideal class group of N ): ) hN = 1 HN = {1}
Our computations agree with those done in [PK] , [Yam] , [Lou1] and [Lou3] . In particular, according [Lou3, Proposition 5 ] the 22 nonquadratic imaginary cyclic number fields of 2-power degrees with cyclic ideal class groups of 2-power orders found in [Lou3] also appear in our present determination. Note that our present paper, [Lou1] and [Lou3] provide us with the solutions of the following three class groups problems for nonquadratic imaginary cyclic number fields of 2-power degrees: 1) the exponent 2 class group problem, 2) the cyclic class group of 2-power order problem, and 3) the one class in each genus problem.
